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We analyse certain degenerate infinite dimensional sub-elliptic generators, 
and obtain estimates on the long-time behaviour of the corresponding Markov 
semigroups that describe a certain model of heat conduction. In particu- 
lar, we establish ergodicity of the system for a family of invariant measures, 
and show that the optimal rate of convergence to equilibrium is polynomial. 
Consequently, there is no spectral gap, but a Liggett-Nash type inequality 
is shown to hold. 

Keywords: Hormander type generators, locally conserved quantities, Liggett- 
Nash inequality, ergodicity. 



Abstract 



Contents 



4 



3 



2 



1 



Introduction 



Invariant measure 



The system 



Existence of a mild solution 



a 




5 



Weak and strong continuity 



17 



*Supported by EPSRC EP/D05379X/1 
^On leave from Imperial College London 



1 



6 Symmetry in Sobolev spaces 



21 



7 Ergodicity [23 

8 Liggett-Nash-type inequalities |28 

9 Phase transition in stochastic dynamics |30 

10 Homogenisation |32 
References 32 



1 Introduction 

In this paper we study a class of Markov semigroups {Pt)t>o whose generators are 
defined in Hormander form by an infinite family of non-commuting fields as follows 

7 

In particular we will be interested in the situation when we have "locally preserved 
quantities" , that is when any operator 

defined with a finite set of indices A, has a non-trivial set of harmonic functions, 
while for the full generator C, this is not the case. One should therefore expect 
that the corresponding semigroup is ergodic. We will assume that the fields 
are homogeneous of the same degree, in the sense that there is a natural dilation 
generator D such that 

with A G M independent of 7. However, unlike in Hormander theory, we admit a 
situation when a commutator of the degenerate fields of any order does not remove 
degeneration. To model such a situation we consider an infinite product space and 
fields of the following form 

Xij = diV{x)dj - djV{x)du 

with di denoting the partial derivative with respect to the coordinate with index 
i, and diV{x) indicating some (polynomial) coefficients. 

Generators of a similar type appear in the study of dissipative dynamics in 
which certain quantities are preserved — see for example [H [3] and [TU], where 
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systems of harmonic oscillators perturbed by conservative noise are considered. A 
special case of the system we investigate (see Example 13.41 below) can be thought 
of as a limiting case of the models considered in these works, when the conservative 
noise dominates the deterministic interaction between oscillators. It is interesting 
that our results (see Corollary I7.2p show ergodicity of the system even in such 
situations! A further example of a physical model very closely related to our set- 
up is the heat conduction model discussed in [2] and [H]. For more information 
in this direction, in particular in connection with an effort to explain the so-called 
Fourier law of heat conduction, we refer to a nice review [7], as well as [6] and the 
references therein. 

The classical approach to studying the asymptotic behaviour of conservative 
reversible interacting particle systems employs either functional inequalities and 
some special norm-bound of the semigroup (see for instance [H |5] and [IZ]), or 
some kind of approximation of the dynamics by finite dimensional ones, together 
with sharp estimates of their spectral gaps ([HI [IB])- The approach we take is 
quite different, in the sense that we do not use any approximation techniques, 
but rather exploit the structure of the Lie algebra generated by the corresponding 
vector fields to derive the necessary estimates directly. We would like to note 
that a straight-forward application of the classical approach in our case is not 
possible. This is because any finite dimensional approximation cannot be ergodic, 
since there is a formal fixed point — this is discussed in more detail below. A 
different possibility would be to consider the restriction of the finite dimensional 
dynamics to the conservation surface. This approach will be considered elsewhere 
in a forthcoming manuscript by Z. Brzezniak and M. Neklyudov. 

One other motivation to study the semigroup {Pt)t>o associated to this par- 
ticular generator comes from the fact that, since V is formally conserved under 
the action of Pt, we can see that there is a family of invariant measures formally 
given by "e~~(ia:" for all r > 0. On the one hand, the semigroup {Pt)t>o is quite 
simple, since we can calculate many quantities we are interested in directly. On 
the other hand, standard methods from interacting particle theory [201 l2l] do not 
help because they require some type of strong non- degeneracy condition such as 
Hormander's condition, which is not satisfied in our case. Another difficulty stems 
from the intrinsic difference between the infinite dimensional case we consider, and 
the finite dimensional case i.e. the case when V depends on only a finite number of 
variables, and instead of the lattice we use its truncation with a periodic boundary 
condition. Indeed, as already mentioned, in the finite dimensional case we can no- 
tice that \^ is a non-trivial fixed point for Pf, and therefore the semigroup is strictly 
not ergodic. This reasoning turns out to be incorrect in the infinite dimensional 
case. The situation here is more subtle because the expression V is only formal 
(and would be equal to infinity on the support set of the invariant measure). 
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We give a detailed study of the case when the coefficients of the fields are 
linear, providing analysis of the corresponding spectral theory and showing that 
the system is ergodic with polynomial rate of convergence to equilibrium. 

The organisation of the paper is as follows. In Section 2 we introduce the basic 
notation and state an infinite system of stochastic differential equations of interest 
to us. In Section 3 we show the existence of a mild solution and continue in Sections 
4 and 5 with some discussion of general properties of the corresponding semigroup, 
such as the existence of a family of invariant measures, strong continuity, positivity 
and contractivity properties in L^-spaces. Because of the special non-commutative 
features of the fields and the form of the generator, these matters are slightly more 
cumbersome than otherwise. Section 6 provides a certain characterisation of in- 
variant (Sobolev-type) subspaces, while Section 7 is devoted to the demonstration 
of ergodicity with optimal rate of convergence to equilibrium. In Section 8 we 
use previously obtained information to derive Liggett-Nash-type inequalities. In 
Section 9 we consider a generalised dynamics of a similar type, allowing now the 
inclusion of a ffist order term —fSD with some parameter /3 G [0, oo) in the gener- 
ator. We show that in such families one observes a change in the behaviour of the 
decay to equilibrium from exponential to algebraic (when the additional control 
parameter /3 goes towards zero). Finally in the last section we provide a further 
application of our ergodicity results. 

2 The system 

Throughout this paper we will work in the following setting. 



The Lattice: Let Z be the A^- dimensional square lattice for some fixed N eN. 
We equip with the li lattice metric dist{-, ■) defined by 

N 

dist{i,i) := |i- j|i = ^ \ii - ji\ 

1=1 

for i = (zi, . . . ,27v),j = (ii,...,i7v) G Z^. For i,j G Z^ we will write i ~ j 
whenever dist{i,j) = 1. When i ~ j we say that i and j are neighbours in the 
lattice. 

The Configuration Space: Let Q = (M)^^. Define the Hilbert spaces 
Eo, = Ixen-. \x\l^ := a;?e-"l'li < oo I 
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for a > 0, and 

with inner products given by 
for x,y E Ea and 

TV 

((,«,...,,(^)),(/.«,...,/^(^)))^:=5^5^,«/^« 

ie^Jv fc=i 

for (^(1), . . . ,^(^)), {h^^\ e respectively. 

The Gibbs Measure: Let hg be a Gaussian probability measure on {E^, B{Ea)) 
with mean zero and covariance G. We assume that the inverse of the covari- 
ance is of finite range i.e. 

Mi J := G;} = if dist{i,i) > R, 
and that |Mij| < M for all i,j G Z^. 

The System: Let 

be a cylindrical Wiener process in H (see for instance [23]). 

We introduce the following notation: for i = (ii,...,zjv) ^ Z^ define for 

ke{l,...,N} 

i^{k) := (^1, . . . , ifc-i, ik ± 1, • • • , «Ar). 
We also define, for a; G -Eq,, i G Z^, 

Vi{x) := ^ XiMijXj, 
which is finite since Mi j = if dist{i,}) > R, and for all finite subsets A C Z^ set 

iGA 
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Using the formal expression 

it will be convenient to simplify the notation for d\V\ as follows 
We consider the following system of Stratonovich SDEs: 

N 

dY,{t) = [d,-ik)V{Y{t)) o dw[%^{t) - 9i+(,)r(y(t)) o dW^'\t)) , (2.1) 
fe=i 

for i G and t > 0. 

3 Existence of a mild solution 

In this section we show that the system fl2.1l) has a mild solution Y{t) taking values 
in the Hilbert space E^- 

For the existence of a mild solution, the first step is to write (12. ip in Ito form. 
To this end we have 

N 

dY-.it) = Y {d,-ik)V{Y{t))dW^%{t) - d,.^,)V{Y{t))dW^'\t)) 

k=l 

k=l 

(3.1) 

for all i G and t > 0, where [■,-]t is a quadratic covariation (see for example 



-d 



t 



d,.^u)V{Y{.))M'\-) 
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p. 61 of [l3]). Hence, by Ito's formula, 



J i 



E 

-E 

t 



'0 ^0 

By a similar calculation, and using this in (13. ip . we see that 



N 



drm = J2 [di-ik)V{Y{t))dWP^,^{t) - d,.^,)V{Y{t))dW.^'\t) 

k=l 

1 ^ 



k=l 



- dl,.^,)ViYim^^,)ViYit)) - dl,,^,^V{Y{m^^,)ViYit))j dt 

(3.2) 



for alH G Z 



TV 



Recall now that d^V{x) = EiGZ^ for all j G Z^, so that 9?jy(x) = M;,, 



J' 



e Z . Thus the system (13.21) can be written as 



N 



dY,{t) = J2 [di-ik)V{Y{t))dwi%^it) - d,.^,)ViYit))dwt\t) 

k=l 
1 ^ 

fc=i 

- Mi,i-(,)9i-(fc)r(F(t)) - Mi,i+(,)9i+(fc)y(F(t))}rft (3.3) 

for all i G Z^ and t > 0. We now claim that we can write this system in operator 
form: 

dY{t) = AY{t)dt + B{Y{t))dW{t), (3.4) 
where A is a bounded linear mapping from to Ea given by 

N 

(Ax)i := Eaf^(x), iGZ^, (3.5) 

k=l 
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with 



af'\x) = (Mi-(fc),i-(fc) + Mi+(fc),i+(fc)) Mi^iXi 

- Mi,i-(fc) ^ Mi,i-(fe)Xi - Mi,i+(,,) Mi,i+(fc)Xi I , (3.6) 

and B : Ea ^ Lhs{H, Ea) (here Lhs{H, E^) denotes the space of Hilbert-Schmidt 
operators from H to Ea) is a bounded hnear operator given by 

N 

(5(x)(/zW, . . . , /^(^)))^ := ^ (9i-(.)r(x)/.P(,) - d,.^,)V{x)hf^) (3.7) 

fc=i 

for X e Ea, {h^^\ h^^^) e H and i e . 

Indeed, the fact that A : Ea ^ Ea is a bounded hnear operator fohows from 
the fact that the constants Mij are assumed to be uniformly bounded. To show 
that B e L{Ea, Lhs{H, Ea)), first define, for i G Z^, e(i) G by 



(e(i))j : = 



1 ifj = i, 

otherwise. 



and for i G Z^, A; G {1, . . . , A^}, let be the element in H given by 

ft:= (0,...,e(i),...,0), 
where the e(i) occurs in the k-th coordinate. Then 

{/i'=:iGZ^A:G{l,...,iV}} 
is an ortho normal basis for H. Let x & Ea- Then 

N 

Now by definition 

{Bix)ift)). = di-ik)Vix) (e(i))j-(,) - 9j+(,)V(x)(e(i))j 

so that 

\Bix)ift)\l^ = {di-ik)Vix) (e(i))j-(,)-9j+(,)V^(x)(e(i)) 
= {diVix))\-''\'^^^^\' + {di+^k)V{x)Y 6-"^'^' 

l:|l-i|i<fl / \l:|l-i+(fc)|i<i? 
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where C = ((2i?)^ + 1)M^. Thus 



N 

I Ea 



i(zZN k=l 

N 

= 2Ar((2i?)^ + l)Ce(^+^)°'™'2 



a|l|i 

l;|l-i|i<R / \l:|l-i+(/t)|i<ii 



which proves the claim that B G L{Ea, Lhs{H, Ea)). 

We thus have the following existence theorem for our system. 

Proposition 3.1. Consider the stochastic evolution equation 

dY{t) = AY{t)dt + B{Y{t))dW{t), Yo = xeEa, t > 0, (3.8) 

where A and B are given by (13. 5p and (13.71) respectively, and {W{t))t>o is a cylin- 
drical Wiener process in H. This equation has a mild solution Y taking values in 
the Hilbert space Ea, unique up to equivalence among the processes satisfying 

f(^£\Y{s)\IJs<oo^=1. 

Moreover, it has a continuous modification. 

Proof. We have shown above that A : Ea — Ea is a bounded linear operator, so 
that it is the infinitesimal generator of a Co-semigroup on Ea {A can be thought 
of as a bounded linear perturbation of 0, which is trivially the generator of a Co- 
semigroup). We have also shown that B e L{Ea, Lhs{H, Ea)). Hence the result 
follows immediately from Theorem 7.4 of [23]. □ 

Lemma 3.2. The mild solution Y to (13. 8 p solves the martingale problem for the 
operator 

^=iE E id,V{x)d^-d^V{x)dO\ 
Proof. By Ito's formula, we have for any suitable function / that 
fiY{t)) = f{Y{0)) + J2 f d-J{Y{s))dY,{s) 

+ [dy{Y{s))d[Y,,Y-;\^. 
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We can then calculate from (13. 3p that 

(-d-y{Y{t))di-^k)V{Y{t))dt if j = i~{k), 

d[YuY^t:= lEti{{di'(k)V{Y{t))Y+{d,.^,)V{Y{t)))'}dt if j = i, 

[-d-y{Y{t))di+^k)V{Y{t))dt if j = i~{k), 

so that 

E f dyiY{s))d[Y,,Y-l 
iez'v fc=i 

Thus, using (13.21) . the generator of the system is given by 
ie^iv fc=i 

igZ^ fc=l 

1 ^ 

- dl^-{k)y{x)di-{k)V{x) - 9iV(fc)V(x)(9i+(fc)y(x)} (9i. 
One can then check by direct calculation that we have 

^ = iE E {d-y{x)di-d;V{x)d,f. 

□ 

For n G {0,1,...}, let WC^" = UCJ^{E^),a > denote the set of all func- 
tions which are uniformly continuous and bounded, together with their Frechet 
derivatives up to order n. 
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Corollary 3.3. The semigroup {Pt)t>o acting on UCh{Ea)^a > corresponding 
to the system (13. 8p is Feller and can be represented by the formula 

PJ{-) = Ef{Y{t,-)), t>0, 

where Y{t,x) is a mild solution to the system (13. 8p with initial condition x G E^. 
Furthermore, {Pt)t>o satisfies Kolmogorov's backward equation, and solutions of 
the system are strong Markov processes. 



Proof. The result follows immediately from Theorems 9.14 and 9.16 of [23]. □ 
Example 3.4. Suppose that, for all i G Z^, 

Mi,i = l, Mij = if i^y 

Then diV{x) = Xi, and the system (13. 3 p becomes 

N N 

dm = -5^Fi(^)rfi+E (^i-wW^w/i'wW 

k=l k=l 

for all i G Z^, which has generator 

^ = iE E {^-A-^-Af- (3-9) 

Very closely related generators are considered in the physical models for heat con- 
duction described m JH, [1[ O fi^/ and fii]/ . A related model is also considered J^. 
However, there are some major differences between the system considered there 
and the one we investigate. Indeed, in J^/ Hormander's condition is assumed to 
be satisfied, and the system is finite dimensional. Moreover, it is shown that there 
is a unique invariant measure for such a system, which as we will see, is not the 
case in our set-up. 

Remark 3.5. Let be polar coordinates in the plane (xi,Xj). Then 

d 



Therefore in Example\3.4 



Note that the operator —-&r is the Hamiltonian for the rigid rotor on the plane. 
Thus, the operator —C is the Hamiltonian of a chain of coupled rigid rotors. 
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4 Invariant measure 

Suppose now that {Y{t))t>Q is the unique mild solution to the evolution equation 
(13. 8 p in the Hilbert space i.e. 

dY{t) = AY{t)dt + B{Y{t))dW{t) 

where A, B are given by fl3.5p and f l3.7p respectively, and {W{t))t>Q is a cylindrical 
Wiener process in H. Let {Pt)t>o be the corresponding semigroup, defined as 
above. 

For i, j G Z^, define 

Xi,j = d-yix)d^ - diV{x)d, 



so that by Lemma [3. 2 [ 

is the generator of our system. We will need the following Lemma: 
Lemma 4.1. 

for all f\ge UCl{E^), i, j G and r > 0. 

Proof. For finite subsets A C and w G M^^, denote by the conditional 
measure of /irC; given the coordinates outside A coincide with those of u. Then 
we have that 

K{f)= [ fixA-iOA.)- dXA 

where x\ ■ u\c is the element of M^^ given by 



(xa ■ waOi 



Xi if i G A, 
Ui if i G A'', 



and is the normalisation constant. Now fix i,j G Z^ and suppose that A is 
such that {i,j} C A. Then for f,g e l(C^{Ea) 



k6A 



Ea (/Xijfi') = / f{xA ■ UJAc)Xijg{xA ■ UJac) — dxA 



+ E-^{fg [d,diV{x)-did-y{x)]) 

+ -E% ifg [d,V{x)diV{x) - diV{x)d,V{x)]) = -E% {gX,J) 
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by integration by parts. Thus we have that 

□ 

The following result shows that for r > 0, firG is reversible for the system (13. 4p . 
Theorem 4.2. For all f,gE UCl{Ea) and r > 0, we have 

firG ifPtg) = /irG (gPtf) ■ (4.1) 

Proof. It is enough to show that fl4.ip holds for f,gE UC^{Ea) depending only on a 
finite number of coordinates. Indeed, we can find sequences of cylindrical functions 
{/n}5^i, {s'n}^! C UCl{Ea) which approximate general /, (7 G UC^{Ea). In view 
of this, suppose f{x) = f ({a;i}|i|i<„) g{x) = g ({a;i}|iii<„) for some n. Note 
that the generator C can be rewritten as 

fc=i iez'v 

We decompose this operator further. Indeed, we can write 



fc=l me{0,...,/?+l}~ \iecg)^^i((R+2)Z+m<,) 



and define for m = (mi, . . . , mTv) G {0, i? + 1} , G {1, . . . , A^} 

ie®^^i((ii+2)Z+m<,) 

SO that 

fc=l me{0,...,R+l}^ 

Note that by construction, for fixed k G {1, . . . , A^} and m G {0, i? + 1}^, we 
have for any i, j G {{R + 2)Z + nia-) that 

[Xi,i+(fc),Xjj+(fc)] = 0. 

For i = j this is clear. If i 7^ j, we have 

[Xi,i+(fc),Xjj+(fc)] = [diV{x)di+^k) - di+(k)V{x)di,djV{x)dj+(^k) - dj+{k)V{x)dj] 
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and 

di+{k)djV{x) = 0. 

Indeed, djV{x) depends only on coordinates 1 such that |j — l|i < R, and for all 
such 1 

|i+(A;)-l|i>|i+(A;)-j|i-|j-l|i 
>R+1-R 
= 1 

so that djV{x) does not depend on coordinate i^{k) for any k. Similarly 

di+(k)dj+(k)V{x) = didjV{x) = didj+(^k)V{x) = 0, 
which proves the claim. Thus for any G {1, . . . , A^} and m G {0, i? + 1}^, 



{k,m) tC 



(fc) 



n 

ie®^^i((iJ+2)Z+m<,) 



i.e. Sl"'""^ is a product semigroup. 



We now claim that 



(4.2) 



for /c G {1, . . . , A^} and m G {0, R+ 1}^. Let k = 1 and m = (the other cases 
are similar). Since g depends on coordinates i such that |i|i < n, we have 



si''''g{x) = n 



ie®^^i((/J+2)Z+ma) 
|ill<n+R+2 

which is a finite product. As a result of Lemma [4. H we then have that 

/ \ 

/ n 



/irG ( fSi^'^^g ) = flrG 



, ie®^=i((R+2)Z+m<,) 
\ |i|i<n+_R+2 



g 



n 



e'^i,i+(fc)y 



, ie®^=i((iJ+2)Z+m<,) 
\ |i|i<n+iJ+2 



\ 
/ 



as claimed. 

To finish the proof, we will need to use the following version of the Trotter 
product formula (see |24j): 
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Theorem 4.3. Let "H and S be two Hilbert spaces, and Fi G Lip{S,S),Ui G 
Lip{£,LHs{,'H,S)) fori = 1,2,3. Let {W{t))t>o be a cylindrical Wiener process in 
%. Consider the SDEs, indexed by i = 1, 2, 3, given by 

dYiit) = Ei{Yi{t))dt + Ui{Yi{t))dW{t), Fi(0) = X G 

and let {Vl)t>o be the corresponding semigroups on UCb{S) . Assume that 

F3 = Fi + F2, U3U; = UiU* + U2U;, 

and that the first and second Frechet derivatives of Fi and Ui are uniformly con- 
tinuous and bounded on bounded subsets of S. Then 

lim (VWIY fix)=V!fix) 

n— >00 \ n n / 

for all / G K, where K is the closure oflACl{£) in UCb{S), and the convergence 
is uniform in x on any bounded subset of S. 

By above, we have that the generator of our system can be decomposed as 

fc=l m6{0,...,R+l}^ 

where, for A; G {1, . . . , iV} and m G {0, i? + 1}^, is the generator of the 
semigroup Sj:^'"^\ The associated SDE is given by 

dY{t) = A';^^Y{t)dt + B^J^\Y{t))dW{t), 
where Am : E^ ^ E^ and Bm G L {Ea, LnsiEa, H)) are such that 

AT 

k=l m£{0,...,R+l}'^ 

and 

N 

k=l m6{0,...,i?+l}^ 

We can then apply Theorem 14.31 iteratively to get the resuh. Indeed, order the 

set 

{l,...,N}x{0,...,R + l}^ = {i,,...,Ls} 
where S = N{R + 2)^. If = (A;, m) G {1, . . . , A^} x {0, . . . , i? + 1}^, write 

4(fc) _ A n{k) _ o r{k) _ r nk,in _ q>-i 
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Then define for 1 < / < S* 

and Bi E L {Ea, LnsiE^, H)) to be such that 

Consider the SDE 

dYiit) = AiYi{t)dt + Bi {flit)) dWit), 

which has generator Ci = Yl]=i'^h- {Pt)t>o be the semigroup on UCb{Ea) 
associated with Ci. By a first application of Theorem 14. 3[ for all / G K, we have 

hm (s^'SfY f{x)=P^fix) 

n— i-OO \ „ n / 

where the convergence is uniform on bounded subsets. Moreover, by claim fl4.2p 
above and the dominated convergence theorem, we have 

= hm /i,G (g (s\^S'?y = firG (gPtf) (4.3) 
for all f,gE UC^{Ea). Similarly, for all / G IK, we have 

hm (PlS^y fix) = Pj'f{x) 
where again the convergence is uniform on bounded sets, so that 
firG (fPh) = lim firG (f (PlSfYg) 

= hm fXrG (g (PlSfY f) = lirG (gPf f) , 

using identities (14. 2 p and (14. 3p . Continuing in this manner, we see that Pt = Pf, 
the semigroup corresponding to the generator £ = X]j=i '^h' ^^^^ ^^^^ 

/LtrG ifPtg) = iJ'vG (gPtf) 

for all f,gE UCl{Ea), as required. □ 
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Finally, by standard arguments, we can extend the above result to functions in 

Corollary 4.4. The semigroup {Pt)t>o acting on UCb{Ea) can be extended to 
L^ifJ'rc) for any p > 1, r > 0. Moreover we have 

firci fPtg) = fircigPtf) 
for any f,gE L'^{^rG) and r > 0. 

5 Weak and strong continuity 

In this section we will show that the semigroup {e~^^Pt)t>o, is weakly continuous 
for some /3 > in the sense of definition given in [H]. This will allow us to 
deduce the closedness of the generator C in L'^{dfirG) and the strong continuity 
of {Pt)t>o- Another approach to strong continuity of diffusion semigroups and 
connected questions is discussed in [12]. 

Let S be an arbitrary separable Hilbert space. The following definition is found 
in [g. 

Definition 5.1. A semigroup of bounded linear operators {St)t>o defined onUCb{£) 
is said to be weakly continuous if 

(i) the family of functions {S't0}t>o is equi-uniformly continuous for every (j) G 
UC,{£); 

(a) for every (f) G UCh{£) and for every compact set K d H 

lim sup 15*40(0;) — I = 0; (5.1) 

(Hi) for every (p G UCi,{£) and for every sequence {</)j}jgN C UCh{£) such that 

{SUp|0j|i=o < oo, 
J' 
lim sup \(pj{x) — (p{x)\ = 0, for all compact K <Z £, 

it holds that 

lim sup \ St4>j{x) — St(t>{x)\ = 0, (5.2) 

for every compact set K G E, and furthermore the limit is uniform in t > 0; 
(iv) there exist J^,u > such that 

\Stf\uc,i£) < Me-'^yiucin, t > (5.3) 

for allfeUCb{£). 
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Now suppose we are in the situation of Sections O [3] and H] above. Define 
^ C K by 



H := < X E : := x? < oo 



Theorem 5.2. Assume that there exist Ci,C2 > such that 

C2V{x) < \x\l < CiV{x), xeH. (5.4) 

Then there exists (3 > such that semigroup {Pt)t>o '■= {,^~^^Pt\^Q is weakly 
continuous in UCi,{Ea). 

Remark 5.3. Assumption fl5.4l) is satisfied if M is strictly positive definite and 
the coefficients of M are uniformly hounded, as in our case, though we state the 
result in a more general form. 

Proof. First notice that there exists q = q{a) > 0, such that 

Pt\Id\l^{x) < \x\ly\ (5.5) 

for all X E Ea and t > 0. Indeed, Pt\IdW^{x) = E|F((x)H^, where Yt is a solution 
of equation (13. 4p . Inequality (15.51) then follows from Ito's formula, the boundedness 
of linear maps A G L{Ea, E^) and B G L{Ea, Lhs{H, E^)) and Gronwall's lemma. 
Put P = q. We check the requirements of Definition 15. II 

(i) Let G lACh{E). Then for any e > there exists 5{e) > such that \x — y\Ea < 
6{e) =^ — 4>{y)\ < e. Thus, for any x,y E Ea, 

ip,0(x) - Pi0(2/)i < e"^*E {i{iM.)-Y,iy)i<sie/2)}\mi^)) - miy))\) 

+ e-^'E (l{|y,(.)-y,(,)|>5(,/2)}|0(ri(x)) - miy))\) 
< I + 2e-'^'\<j>\L^¥ {\Yt{x) - Yt{y)\E^ > 6{s/2)} 

where we have used Chebyshev's inequality. Choose 6i{e) such that ^^^^li^)"^ = 

|. Then \x — y\E^ < ^li^) =^ \Pt(t>{x) ~ Pt4>{y)\ ^ ^) so the first requirement 
holds. 

(ii) Fix compact K <Z E^ and (p G lAC}y{Ea). For e > again let 5{e) > be such 
that \x — y\E^ < 5{e) =^ \(p{x) — 4>{y)\ < e for any x,y E E^. Since 

\Pt<j){x) - cj){x)\ < \Pt<P{x)-4>{x)\ + {l-e~''')\Pt4>W 



< \PMx) - d){x)\ + il - e-'^' 
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it is enough to show that 



hmsup \Pt(f){x) — 0(x)| = 0. (5.7) 



A similar calculation to the above yields 

\Pt<j){x) - <j){x)\ <E\<j){Yt{x)) - <f){x)\ 

< El{\Ytix)-x\E„<5ie/2)}\4>{yt{x)) - 0(x)| 
+ El{\Yt{x)-x\E^>5ie/2)}\(piYt{x)) - 0(x)| 

< e/2 + 2\(f)\L^F {\Yt{x) - x\e^ > 6{e/2)} 

<^/2 + |0^E|F,(x)-x||^. (5i 

Since Yt is a mild solution of equation f l3.8p . we have 

Yt{x) - X = e^'x - X + [ e^'^'-'^B{Ys)dWs. 

Jo 

Therefore, using the Ito isometry, for x & and t > 0, we see that 

m{x) -x\l^< 2|e^*x -x\l^+ 2E f \e''^'-'^ B{Y,)\l^^^^^^^^ds 

Jo 

t 

+ 2 sup |e^1i(^^,^^)|i?|i(^^,,^,(^,^^)) / nr^Wjs 



<2\e^'-Id\l^E^^Ejx\l^ 

|2 

\l{Ec,,Lhs{H,Ec,))\-^\E, 



^2e'\^\-^-^^-^miiE.^L„.m^EMf^^^ (5.9) 

where the last inequahty follows from (15. 5p . Combining (15. 8 p and (15. 9p . we get for 

t G [0,1], 



|P,0(x) - 0(x)| < e/2 + (C(A, 5, g)(e^* - 1) + 2|e^* - 



Choose r G (0, 1] such that 

<e/2. 



2|0|l°° I |2 



C(A, 5, g)(e^- - 1) + 2 sup |e^' - 

te[o,T] 



Then for any < t < r, 

sup |P(0(x) — 0(x)| < £, 

and (15.71) follows. 
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(iii) Fix compact K G Ea- Define 



K = Kiuj) = U Yt(K), CO en. 

t>o 

We first show that K is compact with probabihty 1. For any e > there exist 
x(l), . . . , x(n) G Ea such that 

n 

KC U B,,2{x{i)). (5.10) 

Since H is dense in Ea we can always assume that x{i) G H. It follows from 
assumption (15 ■4p that V{x{i)) < oo for i = 1, . . . , n. Therefore, by Ito's lemma 
and the identity XijV = 0, we conclud^ that P-a.s. 

V{Yt{x{{))) = V{x{i)), t>0, z = l,...,n. (5.11) 

Hence, using assumption (15. 4p once more, we see that there exists C > such that 
P-a.s. 

\Yt{x{7))\f,<Csn^\x{l)\H, t>0, z = l,...,n. (5.12) 

I 

Since the embedding H C Ea is compact, there exist y{l), . . . ,y{m) G Ea such 
that 

m 

UYt{x{z))c UB,/2{y{l)) (5.13) 
t,i 1=1 

P-a.s. Combining identities (I5.10p and (I5.13P we deduce that 

UY.iK) C jj^BMl)) (5.14) 

and so K is compact P-a.s. as claimed. 

Now let (f> G lACb{£) and {0j}jeN C lACb{£) be such that sup^- 10^^°° < oo and 

lim sup \(t>j{x) — 0(x)| = 

for all compact K G Ea- Note that 

sup |Pi0,(a;) - Pt(j){x)\ < e-^*supE|0,(ri(x)) - 0(Ft(x))| 

<Esup 10,(2/) -0(2/)|, (5.15) 
yeii 



^We can assume that exceptional set of measure in equality (jS.lip is the same for alH > 
because we can choose a continuous modification of the process Y. 
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for all t > 0, j G N. Since K is compact with probability 1, we have that P-a.s. 

sup \(t)j{y) - 0(y)| ^ as j ^ cx). 

Thus, by the dominated convergence theorem, we conclude that 

lim sup |Pf0j(x) — Pt0(x)| = 

i-5>oo ^(zK 

for all compact K G Ea- 
(iv) Since Ptf = e-«*E/(Ft), we have that 

\Ptf\uctiEc,) < e~^*|/|wCb(£;c), 
for all / G UCb{Ea) and t > 0. 



□ 

Corollary 5.4. The operator C is closed and the semigroup {Pt)t>o is strongly 
continuous in L'^{dfirG), for all r > 0. 

Proof. C is closed by Theorem 5.1 of [9]. Strong continuity follows from prop- 
erty (ii) of the definition of weak continuity above and a standard approximation 
procedure. □ 



6 Symmetry in Sobolev spaces 

In this section we show that the generator C as given in Lemma 13.21 is symmetric 
and dissipative in some family of infinite dimensional Sobolev spaces. In the next 
section this result will be useful in the proof of ergodicity of the semigroup gener- 
ated by C. For r > 0, we start by introducing the following Dirichlet operator: 

if,Lrg)LH^rG) = - Yl Gk,l(5k/,(9i^)L2(^^^) 

where G = is the covariance matrix associated to the measure /ig, as above. 
That is, on a dense domain including UC^, we have 

Lrg= GKid^d,g-r-'Dg (6.1) 

where 

Dg=Yl ^k-^k^?. (6.2) 
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D will play the role of the dilation generator in our set-up. We remark that 

[AXi,j] = o 

i.e. our fields are of order zero. Thus 

Note also that by a simple computation, we get 



^ Gk,A<9i,£ 



0. 



This is because 



so that 



Y GkA^bXij =0. 

We thus obtain the following result. 
Proposition 6.1. OnlAC^, we have 

[L„Xij] = (6.3) 
for all i, j G and all r > 0, from which it follows that 

[L„£] = (6.4) 

for all r > 0. 

Keeping this in mind, we introduce the following family of Hilbert spaces 
X;! = {/ e L\firG) n ViL^) : := + (/, {-Ur f)LH,,.^) < oo} 

equipped with the corresponding inner product 

if,9h„ = f^rcifg) + (/, {-LrTf)L^d^^,a)^ 

for fiQE XJ!, where n G N U {0} and r > 0. Hence we obtain the following fact, 
(where besides Proposition 16.11 we also use Lemma [4. ip . 
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Proposition 6.2. For all n ^ N U {0} and r > 0, on a dense set C X", we 
have ^ 

if, ^9k^ = (^/. 9h^ = -lYl J2i^^'if^ Xij^)xn. (6.5) 

ieZ^ j:i-j 

In the case when n = 1, we have 

where for simphcity here and later we set = Xj(= X^). By induction, and 
using the fact that [Ga V, L^] = Ga V, one can show that there exist non-negative 
constants am,n, m = 1, ..,n with an,n > 0, such that 

(/, 9k^ = ^^roifg) + Yl «m,n/^--G((G^ V)®'"/ ■ (G^ V)®'"^). 

m=l,..,n 

This motivates the introduction of the associated family Xp of Hilbert spaces with 
corresponding scalar products 

(/, = f^rGifg) + f^rciiG-^vr^f ■ (G'^Vf^g). 

Again by induction, we conclude with the following property. 

Proposition 6.3. For all n & N U {0} and r > 0, on a dense set C X", we 
have 

{fXg)x'^ = {^f,ghii- (6.6) 

We remark that neither of the families of spaces are orthogonal, but that the 
tilded one further allows a Fock-type stratification, which provides invariant sub- 
spaces other than the eigenspaces of the dilation generator D. 

Remark 6.4. The operator C is closable in X^ for all r > 0, and its closure has 
a self-adjoint extension which is bounded from above. We continue to denote this 
extension by the same symbol C. Moreover, the self-adjoint extension C generates 
a strongly continuous semigroup Tt = e*"^ : X^ — > X^ such that Tt = Pt\xr- 

7 Ergodicity 

Before we get into general estimates, it is interesting to consider a few cases where 
some explicit bounds can be obtained. First of all consider the linear functions 

F{x) = Y "ka^k- 
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We note that 



CF{x) = \Y.\il ((Mj,kMj,i - Mi,kMj,j) «i + (Mj,kMij - Mj.kM;,;) «j) j Xk, 
kez'^ V i,j / 

where the sum indicates that we sum over the pairs of indices as in the 
definition of C In particular, in the case when M = 6Id, h G (0, oo), we have 

Since the semigroup maps the space of linear functions into itself, we conclude 
that 

for r > 0, with some m G (0, oo) i.e. on linear functions we get exponential decay 
to equilibrium. An inequality of this form on a dense set would imply a Poincare 
inequality. One can, however, show that such an inequality cannot hold. To this 
end consider a sequence of functions of the following form: 



/A(x) = 5^a;? 



igA 

for a finite set A. Then, for the measure with diagonal covariance matrix, we have 

Atrcl/A - /irc/Ap > |A|/i,.G|x? - llrGxl\^ = COUSt ■ |A| 

with |A| denoting cardinality of A. Moreover, 

/irG (/a(->C/a)) = ^ Y1 /^rG(Xij/A)^ = const ■ \dA\. 

From this we see that for a suitable sequence of subsets A invading the lattice, the 
ratio of firG (/a(->C/a)) to firclfA - Atr-c/Ap couverges to 0. 

In the remainder of this section we develop a strategy to obtain optimal esti- 
mates on the decay to equilibrium for more general spaces of functions, for sim- 
plicity working in the set-up when the matrix M is given by M = bid, b G (0, oo). 
We show that the corresponding semigroup is ergodic with polynomial decay. 

For r > 0, first define 



VigZJV / 



1/2 
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Lemma 7.1. For any r > 0, f E X^, i G Z and t > 0, 



AN 

^^rGmPtf)\' < —Alif), (7.1) 

t 2 

1 



w/iere A = i sup / e-2*(i-=°'^(2^^))rf/3. 
t>o 

Proo/. Fix r > 0. It is enough to show (JH]) for / G UC^{E^). Indeed, ^^^(Eq 
is dense in and {Pt)t>o is a contraction on X^. 

Denote ft = Ptf for t > 0. For i G Z^, we can calculate that 



N 



+ 269i/, ^{-bdifs + Xi,i-(fc)9i-(fc)/, + Xi,i+(fc)(9i+(fc)/^)jds. 
fc=i 

(7.2) 

Integrating (17. 2p with respect to the invariant measure firc yields 

/irG|5i/t|'-/i.G|5i/|'= f {- /^^G|Xm,l(9i/s)|' 

m~l 

N 

- 27V6VG|5i/.|' + 26^/i.G('9i/.Xi,i-(,)9i-(fc)/,) 

fc=i 

+ 2&^/irG(5i/.Xi^i+(fc)(9i+(fc)/s))rfs. (7.3) 

fc=l 

By Lemma l4?n the operators Xij, i, j G Z^, are anti-symmetric in L^lfirc)- There- 
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fore 



Jo ^ ,.„AJ 



m~l 

N 



k=l 

N 

2b^HrG{di+{k)fs^i,i+{k)difs))ds. (7.4) 



k=l 

Hence, by Young's inequality we deduce that 

/irG|<9i/t|^ -/irG|<9i/|^ 



^ {- Yl /^rG|X^,i(ai/,)|2-27V6VG|ai/.p + ^6VG|'9i-(fc)/.| 

m.lPZ^ fc=l 



m.leZ 
m~l 



AT 



+ X^/irG|Xi,i-(fc)9i/<iP + 6^AirG|5i+(fc)/sP + /irG |Xi,i+(fc)9i/<i ^ j 
fc=l 

- I ^^X] + ~2/i,.G|9i/s|^jrfs. (7.5) 

"^0 fc=l 

Let A denote the Laplacian on the lattice and set F{\,t) = firG\di{Ptf)\^ for 
t > 0, i G Z^. Then we can rewrite (17. 5p as 



t 

F(t) < F(0) + J b^AF{s) ds, t E [0, oo) 



(7.6) 



Hence, by the positivity of the semigroup {e^^^^)t>o, and Duhamel's principle, we 
can conclude that 

F{t) < e*''^F(0) (7.7) 

for t G [0, oo). By taking the Fourier transform, we can see that this is equivalent 

to 

^rGmPtf)]' < J2 /i.G(|5i/r)cHi(0^'*), (7.8) 

where 



Ck(</'*) = 

[0,1 



/ v^*(tt) cos j 271 Y^ ^I'^i 1 dai . . .da^, 
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N 

is the Fourier coefficient of the function </?*(a) = exp(— 2t ^ (1 — cos(27ra„))), 

n=l 

a = {ai, . . . jUn) G I^^- The coefficient Ck(9?*),k G can then be bounded 
above by 

|ck(0*)| < / ^\a)da = ( ['e-^'^^^'^'^^^^^Up] , (7.9) 







[0,1] 

and the result follows. □ 
Now define 

for r > 0. The we have the following convergence result. 
Corollary 7.2. For r > and / G with Br{f) < oo, we have 

A — 

J2 f^ramPtf)]' < -^Ar{f)Br{f). (7.10) 

Furthermore, there exists a constant C G (0, oo) such that 

{{Ptf? log ^^fZ,^ < Arif)Br{f), (7.11) 

and /ience 

. iV 

^^rG{Ptf - /irG(/))' < C^A(/)fi.(/), (7.12) 

t- 

i.e. our system is ergodic with polynomial rate of convergence. 

Proof. By Proposition 16. 2[ we have that the semigroup Pt on is symmetric. 
Thus we have 



< 1] (/X.G|5i/r)^(/i.G|5iP2t/P)^ 



< IE il^rGmiy] sup if^rGlWlY'- i^-l^) 

Combining fl7.13p with (17. ip we immediately arrive at the estimate (I7.10p . Now 
inequalities (17. lip and (I7.12p follow from the logarithmic Sobolev and Poincare 
inequalities for the Gaussian measure /x^g- D 
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Remark 7.3. The convergence in Lemma\Tj\ cannot be improved, while the rate of 
convergence in Corollary \7.2\ is not far from optimal. Indeed, let W(k,t) = Pt{xD 



forty and k G Z^. Then Cxi = H (a^k+M + ^l-{m) - 2^), so that, 

m=l 

where as above A denotes the discrete Laplacian on Z^. Thus 

Wit) = e'^'^W{0), t > 0, (7.14) 



so that convergence in the Lemma TA is precise (see the end of the proof of 
the Lemma \ 7.1\ ). Furthermore, using (17.141) it is possible to explicitly calculate 
f^rciPtxl — fircixDy ,t > and show that this expression converges to polyno- 
mially. Hence the operator C acting on X^. does not have a spectral gap. 

The following result shows that the class of functions for which the system is 
ergodic is larger than the one considered in Corollary 17.21 

Proposition 7.4. The semigroup {Pt)t>o is ergodic in the Orlicz space L^,[nrG) 
for all r > 0, with \l/(s) = log(l + s^), in the sense that 

\\Ptf - /^rG/||L*(At^G) 

as t ^ oo, for any f e /.^(/irc) and r > 0. Furthermore, for all f G X^, 

\Ptf - l^rcfhr as t OO. 

Proof For / G X,. n < / G /.^(/i^c) : Yl (l^rG\dif\^) ' < cx) > the resuh follows 

from Corollary 17.21 Now, it is enough to notice that such a set of functions is 
dense in L^f(/irG) (resp. in X^) for the natural topology and Pt is a contraction on 
L^sfif^rc) (resp. in X^). □ 



8 Liggett-Nash-type inequalities 

In this section we will show how to deduce Liggett-Nash-type inequalities from the 
results of the previous section. 

Theorem 8.1. There exist constants Ci,C2 G (0, oo) such that for all r > and 

f eXr-n v{C) with Brif) < oo, 

N 4 
f^roif - l^raifW < C, i-Cf, f )^,\l^^ {A{f)BrU))^' (8-1) 
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and 

[ArWr^ < C^BrU)^ Yl f^roid,fd,i-Cf)). (8.2) 

Remark 8.2. Note that inequality (18. 2 p can be considered as an analogue of the 
Nash inequality in (see 12^ . p. 936). Indeed, such an inequality takes the form 



4_ 



for some constant C > 0, and where A is the standard Laplacian on M.^ . The 
main difference is that the natural space for our operator C is X^. instead of L"^. 

Proof. Inequality (18. ip immediately follows from (I7.12p . Corollary 14.41 and part (b) 
of Theorem 2.2 of [I9]. 

To see (18. 2 p let ft = Ptf as usual. We then have, by Holder's inequality and 
Lemma [7.11 that 
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< V'^"" ^_J_^ J_ (8,3) 

t 8 

Furthermore, note that 

Y l^rG{difd-Jt) = Y I^rGldifl' + j^Y f^rG{difd;{Cfs))ds. (8.4) 

Define 0(s) = E /^rG(<9i/<9i(£/s)) for s > 0. £ is symmetric in X^., so 

0(S)= ^/i,G(5i(^/)5i/s), S>0. 

iGZ^ 

We can then calculate that 

<P'{S) = Y f^rG{di{Cf)d;{Cf,)) = Y l^rGmCf)d,{PsCf)) 

iez^ iez^ 

= Y f^rG{di{CPsf)di{CPsf)) > 
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for all s > 0. Consequently, 

for alH > 0. Using ([83]) in ([821) yields 

iez^ igz^ iez^ 

for t > 0. Therefore, using this in fl8.3p . we obtain 



1 \ 2 



JV 



(8.6) 



Optimization of the right-hand side of (I8.6P with respect to t leads to (18. 2p . □ 

9 Phase transition in stochastic dynamics 

In this section we consider a family of stochastic dynamics defined by the following 
generators 

where (3 G [0, oo), and for a finite subset S C we set 

ijes+k 

j~i 

with some constants aij = Oi+kj+k G M. As a special case, we can take S to be a set 
of neighbouring points in the lattice and /3 = 0, which includes the model studied 
earlier. Define as usual Pt = e*^. Then, with fg = Psf, we have the following 
simple computation: 
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Pt-s\Vfs\^ = Pt-s {-C\Vfs\^ + 2VfsVCfs) [9.1] 



ds 



Pt-s ( -2 J2 |XH+kVi/.|2 + 2 J2 Vi/.[Vi, X|+k]/s - 2/3| V/.|2 ) 

V l,k l,k / 

Pt-s (-2 5^|XH+kVi/.p 

\ l,k 

\ 

E aijVi/.{X=+k,[Vi,Xi,j]}/,-2/3|V/.|2 



1 k ijGH+k 
j~i 



where {■, ■} denotes the anti-commutator. Now, since 

{Xs+k, [Vi, Xij]}/, = 2XH+k(5ijVi - 5iiVj) + Yl Vi' - Vj 

i'j'eH+k 

there are constants e G (0,2) and 77 G M such that 



d_ 

ds 



< -2{/3-r])Pt-s\Vfs\^. (9.2) 

Integrating this differential inequahty, we obtain 

|V/,|2 < e-2(^-'')*P,|V/p. 

In the case when S is a two point set, combining this with our analysis in previous 
section we conclude with the following result. 

Theorem 9.1. A stochastic system described by the family of generators 

i^j 

with P G [0,00), undergoes a phase transition at some Pc ^ [0,oo). That is, for 
(3 > it decays to equilibrium exponentially fast, while for /3 G [0, Pc) the decay 
to equilibrium (for certain cylinder functions) can only be algebraic. 



31 



10 Homogenisation 



In Section [7] it was shown that the semigroup {Pt)t>o with generator C given by 
fl3.9p is ergodic. We can therefore apply Theorem 1.8 of [15] (see also [TB]) to 
conclude that the following functional CLT holds. 

Proposition 10.1. Let C be given by fl3.9p . and {Yt)t>o be the corresponding 
Markov process. Suppose F G £)~2) is such that Urci^F) = 0, where /i^c 
is as above, with r > 0. Let P'^'-g be the probability measure corresponding 
to the stationary Markov process with the same transition functions as Yt, and 
{Qt)t>o = {c{Ys,s < t})t>o be the filtration generated by Yt. Then there exists 
a square integrable martingale (M()(>o on the probability space [Q, {Qt)t>Q,P^'''^) 
with stationary increments such that Mq = and 
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